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A new Monte Carlo based method is presented for estimating the system reliability of constraint bounded
design spaces. The new method is ® rst developed in its general form, which is applicable to any joint probability

distribution. It is also demonstrated that this method can be used to concurrently estimate derivatives of the system
reliability (e.g., for use in gradient-based numerical optimization).The method is then specialized to the particular

case of an n-dimensional Gaussian (normal) distribution, which allows for a simpler form. An important property
of probability distributions, the dead band effect, is also presented, and it is shown that this effect has important

rami® cations for the applicationof the shootingMonteCarlo approach.Finally,numericalvaluesare presented that
demonstrate improved ef® ciencies of up to orders of magnituderelative to the conventionalMonte Carlo approach.

Introduction

R EAL engineering parameters, such as material properties or
applied loads, are rarely known with absolute certainty. For

example, when a structural material is quali® ed for its yield mod-
ulus, a large number of nominally identical test coupons will be
made and then each one tested individually. The result will not be
a single number but rather some probability distribution for the pa-
rameter in question. However, because of the dif® culties inherent in
treatingmultidimensionalprobabilityspaces,traditionalmethodsof
engineeringanalysis have ignored these probabilisticeffects. In the
case of properties such as elastic modulus, the mean value would
typically be used, with the statistical deviation simply ignored. For
failure critical parameters such as yield modulus, one is forced to
choose some value Y such that x% of the specimensare expected to
survive up to at least Y . For obvious reasons this value is typically
chosen very conservatively.As the design model is built up, a great
number of these parameters may appear, leading to a design whose
reliability is typically much higher than required, but in any case,
is simply unknown. In an increasing number of modern engineer-
ing design problems, it is desired to calculate, or at least estimate,
these reliabilities explicitly, either to ensure that the design does,
in fact, meet some given system level reliability criteria, or, more
commonly, to trade the excess reliability in the design for some de-
sired result such as reduced weight or cost. It is becauseof the latter
application that reliability-basedmethods, which explicitly include
these probabilistic effects for at least some critical parameters, are
of particular interest within the ® eld of numerical optimization; it is
within this context that this paper is set.

Parameter Subsets

Let the complete set of independent parameters for some prob-
lem be de® ned as Q. In general some subset x will be considered
variable design parameters, i.e., their values will be allowed to vary
during the course of the optimization, while the remainder y are
considered ® xed design parameters. In addition, the parameters Q
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can be independently divided into two subsets a and b, where a
are the probabilisticparameters and the remainder b are considered
deterministic parameters. Reliability calculations are dependent on
all of the parameters in the a set, whether or not they are also design
variables in the x set.

Conventional Monte Carlo Integration/Simulation
AppendixA presentsa summary of the conventionalMonte Carlo

(CMC) approach as applied to the evaluationof reliability for an n-
dimensional probability space. Appendix A also derives an explicit
formula for the expected number of CMC design point evaluations
required for a given level of relative accuracy, and it is shown that
this number quickly rises toward in® nity as the system reliability
rises to 1 (RS ! 1).

Gaussian Distribution

Appendix B presents a summary of the Gaussian distributions
(also known as normal distributions).These appearquite commonly
in the characterizationof engineeringparameters,and methodshave
been developed to at least approximate other distributions in this
form. In addition, it is shown that Gaussian distributions in multi-
variablespacehavesomevery specialproperties;the most important
is that they can be normalized so as to be spherically symmetric in
any n-dimensional probability space. Although both the conven-
tional and the shooting Monte Carlo (SMC) methods are applicable
to problems with arbitrary joint probability distributions, the SMC
approach will be shown to reduce to a more ef® cient form for the
special case of the n-dimensional Gaussian distribution.

Reliability as a Probability Integral
Consider the simple example of a single probabilisticparameter,

such as the length of a steel bar. If we were to order a large number
of bars, each with a nominal length L , and then carefully measure
the actual length Lk of each of these bars, we would ® nd that in fact
none of these bars have a length of exactly L . Instead, the length of
each instance of the set of bars will have some variance d L from its
nominal value,

L k = L + d L k (1)

If we now pick some critical length Z , then the fraction of actual
lengths L k · Z is denoted by the cumulative distribution func-
tion U (Z ), while the fraction of actual lengths Lk > Z is simply
1 ¡ U (Z ). Any probabilistic parameter can be characterized this
way, and although the shape of U (Z ) will vary between different
parameters it will always rise monotonically from U ( ¡ 1 ) = 0 to

1064



BROWN AND SEPULVEDA 1065

U (+ 1 ) = 1. Note that for this example the distribution function
could be written either in terms of the total lengths L k , as shown, or
in terms of the variances d Lk by simply shifting the value of Z by
the nominal length L .

In probability theory it is common to de® ne the distributionof ac-
tual values for a probabilisticparameter v in terms of its probability
density function u ( d v), which is de® ned such that

P( d v < Z ) = U (Z ) ´ * Z

¡ 1
u ( d v) dd v (2)

where u ( d v) will typically be a function of the nominal value of
v , as well as other parameters that control the shape and extent of
the distribution of d v . In the literature one more commonly ® nds
the cumulative and density functions written in terms of the total
instance values v + d v , which will often be denoted as simply v.
For this paper, however, it is advantageous to maintain the distinc-
tion between the nominal value of a parameter and its probabilistic
variance from this nominal value.

Consider next the more realistic scenario in which a design is de-
® ned in terms of many parameters Q, of which some n-dimensional
subseta will be consideredto have actualvalueswith signi® cant sta-
tisticaldeviation from their nominal values.For some ® xed nominal
values a one can de® ne the probability that the actual values a + ±a
lie in some region X of the n-dimensionalprobabilisticdesign space
as

P(a + ±a 2 X ) = U n (X ) ´ *
X

u n (a + ±a) dX (3)

Similarly, the success or failure of each instance of the nomi-
nal design will be determined by many individual analysis crite-
ria, or constraints, such that if any of the constraints are violated,
gi (Q + ±Qk ) > 0, then the kth design is considered to have failed.
All successful instances of the design, therefore, must fall into the
feasible region of the design space, for which all of the individual
constraints are satis® ed as g(Q + ±Qk) ·0. The system reliability
RS can then be written in terms of the joint probability density of
the a probabilisticparameters as

RS = U n (X ) = *
X

u n(a + ±a) dX (4)

where X is now de® ned to be the projection of the feasible region
formed by ® xing all of the deterministic parameters b at their nom-
inal values. Unfortunately, this integral can almost never be eval-
uated explicitly, either analytically or numerically. The individual
constraints are generally not independent, because any given point
in the infeasibleregionmay violateonly one constraint,or a few con-
straints, or even all of the constraints simultaneously. Because the
correlations between the constraints cannot be determined a priori
for any but the simplest constraint types, methods such as the safety
index approach, which estimate the reliability of each constraint
individually, cannot generally be used to estimate the total system
reliability. Although direct numerical integration schemes can be
applied to Eq. (4) when the dimensionality n is less than four or
® ve, above that they rapidly break down. The approach most often
taken in these cases is to estimate RS using CMC simulation,which
is summarized in Appendix A. Unfortunately the CMC approach
has two important ¯ aws.

1) It can be very expensive in terms of number of point design
analyses required, particularly as RS ! 1.

2) It does not provide the design sensitivity information (e.g.,
derivatives of RS with respect to the nominal values Q) required to
use reliability in gradient-basedoptimization schemes.

In the next section a new variant of the Monte Carlo approach
is presented,which reduces the number of analyses required, while
allowing the derivatives of the reliabilities to be estimated simulta-
neously with the reliabilities themselves.

SMC
Consider some n-dimensional probability space, where each of

the n independent probabilistic parameters has a nominal value ai

and some variance d ai . Each individualparameter has a probability

density function u i (ai + d ai ) associated with it, and so the set of
parameters a has a joint probability density function of

u n(a + ±a) =
n

Pi = 1

u i (ai + d ai ) (5)

Let the feasible region be bounded by the constraint g ·0, and let
each axis of this space be normalized (i.e., nondimensionalized)by
scaling with some suitable metric. Then the integral of u n over this
region can be converted to hyperspherical coordinates centered on
the nominal value point a as

U n (a, X ) = *
X

u n (a + d a) dX = * 1

0

g (^̂) d^̂ (6)

where ^̂ represents a generalized n-dimensional angle whose val-
ues, ranging from 0 to 1, exactly sweep the hypersphere.The inte-
grand g (^̂) d^̂then must representthe integral of u n over a differen-
tial generalized solid angle centered on ^̂, which implies that g (^̂)
must representthe cumulativeprobability U n that would be found if
one integrated over the entire hypersphere, and it had a spherically
symmetric probabilitydistributionequal to the distributionactually
foundalong the angle ^̂, from the origin at a to the constraintbound-
ary at g = 0 (note that as d^̂ ! 0 the tangential variation within
the differential solid angle becomes negligible):

g (^̂) = * r ( )̂

0

u n (a + a »)Sn a
n ¡ 1da

= * r ( )̂

0

Sn a
n ¡ 1 [ n

Pi = 1

u i (ai + a »i )] d a (7)

where

»(^̂) = shooting vector along the generalized angle ^̂
r(^̂) = positive distance from the origin at a to the

boundary of the feasible region along the angle ^̂,
i.e., along the, shooting vector »

Sn a n ¡ 1 = generalized differential volume of a hypersphere;
Eq. (B7)

Note that because the total cumulative probability over all space
must equal 1, g (^̂) will always be ® nite, monotonically increasing
from g = 0 at r = 0 to g ! 1 as r ! 1 . Figure 1 shows a simple
two-dimensional design space, along with three possible shooting
vectors.

Monte Carlo Evaluation

Although this transformation has converted the original n-
dimensional Cartesian integral into a one-dimensionalintegral over
the generalized angle ^̂, in general, it is not possible to solve this
equation exactly either. However, it can be estimated by taking a
Monte Carlo integrationover the generalizedangle ^̂. The only the-
oretical requirement to do this is that the function g (^̂) must be
single valued in ^̂, which will always be true; however, to avoid
the problemof potentiallyhaving to integrateover bands of feasible
and infeasible regions (which contribute nothing to the integral),
it is convenient to assume that Q is in the feasible region and that

Fig. 1 Each ´(^̂) d^̂represents a differential solid angle throughprob-
ability space.
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r (^̂) is also single valued in ^̂. Physically this means that from the
point a it must be possible to see the entire boundary of the feasible
region (e.g., this condition is satis® ed everywhere within a convex
probabilityspace). In addition,for this method to be useful the func-
tions r(^̂) and g [r (^̂), ^̂] must be ef® ciently evaluatable; the ® rst is
primarily a function of the complexity of the constraints, whereas
the second is primarilya functionof the formof the joint probability
density function. Assuming that these conditions are met, U n can
then be estimatedby generatinga sequenceof M n-dimensionalunit
vectors »k with a uniform random distribution over the generalized
angle ^̂, evaluating g (»k) for each »k and then simply applying the
Monte Carlo equations of Appendix A, Eq. (A2), as

Ãg ´
1

M

M

Sk = 1

g (»k ) Ãg 2 ´
1

M

M

Sk = 1

[g (»k )]2 (8)

RX = U n(a, X ) = * 1

0

g (^̂) d^̂ ¼ Ãg (9)

The expected error in RX can be roughly estimated by the one stan-
dard deviation error estimate,

E ( R) = ! Ãg 2 ¡ ( Ãg )2

M
(10)

Generation of Random Pointing Vectors
For this method to work correctly, it is very important that the

M unit vectors »k be distributed uniformly over ^̂, which is not the
same thing as M vectors, each of n elements, with each element
having a uniform distribution (what is usually meant by the term
uniform random vectors). A useful method for generating these
randomshootingvectorsis to applythe resultsofAppendixB, where
it is showninEq. (B5) thatpointsgeneratedsuch thateachcoordinate
has an independent normal Gaussian distribution are themselves
distributed uniformly in ^̂, i.e., their distribution is a function of
q n only. Thus a unit vector »k can be generated by ® rst generating
a vector where each element has a normal Gaussian distribution
and then making it a unit vector by dividing each element by the
length (Euclideannorm) of the vector. Note that this method applies
regardlessof theactual jointprobabilitydistributionto be integrated;
it is merelya convenientway of generatingrandompointingvectors.

Mixed Probabilistic and Deterministic Parameters

Probability integrals are taken over the entire a subspace, regard-
less of a parameter’s membership in the x or y subsets. In particular,
this means that the unit vectors »k should always have zeros in ele-
ments correspondingto the deterministicparametersof the b subset
(i.e., unit projection onto the a subspace, zero projection onto the b
subspace).

Calculating r(»k) for a Particular Constraint
Consider by way of example the problem of calculating the dis-

tance r from the point Q to the single constraint g(Q) = 0 along
the unit vector », where g is (or has been approximated as) a linear
function. Then

g(Q + r») = g(Q) + r» ¢ r g = 0 (11)

r = ¡ g(Q)/ [» ¢ r g] (12)

where the ¢ symbol denotes the standard vector inner product. If
r evaluates as negative, it indicates that » points away from the
constraint, and so r should be taken as + 1 , or g ( n ) = 1.

Similarly, if the constraint g(Q) is (or has been approximatedas)
a quadratic function in Q then the distance r from Q to g = 0 along
the unit vector » is

g(Q + r») = g(Q) + r» ¢ r g + (r»)T [H ](r»)

= C + Br + Ar 2
= 0 (13)

r = ¡ B § p B2 ¡ 4AC

2A
(14)

where [H ] is the Hessian matrix and

A = »T [H ]» B = » ¢ r g C = g(Q) (15)

and r should be taken as the smallest positive real root, if any (if the
constraint g is convex everywhere, and Q is in the feasible region,
there can never be more than one positive real root). If there are
none it indicates that » points away from the constraint, and so r
should be taken as + 1 , or g (») = 1.

The Hessian matrix of Eq. (15) is generallyexpensive to evaluate,
and although explicit formulas for determining r can be found for
other simple constraint types as well, in many cases r will have to
be evaluated numerically. This problem is greatly simpli® ed, how-
ever, by the dead band effect discussed later. In that discussion it is
shown that explicit roots for r need only be sought within the rel-
atively narrow and well-de® ned region of the active band, making
the problem well bounded.

Estimation of Reliability Derivatives
If the joint probability density function of Eq. (7) is known, it is

also possible to ef® ciently estimate the derivativesof the reliability
integrals at the same time as we evaluate the integrals themselves.
Direct differentiationof the Monte Carlo equations (8) and (9) with
respect to some parameter Q i yields

@

@Qi

R =
1

M

M

Sk = 1

@

@Q i

g (»k ) (16)

which is simply a Monte Carlo estimationof the differential change
in R due to a differential change in Q i (i.e., a small shift in the
nominal design point). But for any given value of »k the function
g (»k) is a function only of rk = r(»k ), the distance to the constraint
along »k , so that

@

@Q i

g (»k ) =
@

@Q i

g k (rk ) = [ @g k (rk )

@rk ] [ @rk

@Q i ] (17)

The ® rst term, [@g / @r ], is obviouslyequal to the integrandofEq. (7),
evaluated at a = rk . Note that for a general density function the
coef® cientsof g (r ) will change for each »k as the componentsof the
unit shooting vector change. Spherically symmetric distributions,
such as the Gaussian distribution to be discussed, are an exception
to this rule; as for them g (r) is the same in all shooting directions.

The second term, [@r/ @Qi ], is essentially a geometric quantity
measuring how much rk must grow or shrink to make Q + rk»k still
just touch the ® xed constraint boundary as we move the origin a
small distancealongthe Q i axis. To ® rst order, this is a functiononly
of the derivatives of the constraint at the point where the shooting
vector touches it, as

@

@Q i

r (»k) = ¡ [ 1

(»k ¢ r g) ] @g

@Q i

(18)

Note that there may also be additional terms if r is computed in a
normalized space, and if that scaling is itself also a function of Q i ,
as in Eq. (29). Note also that althoughthe reliabilityintegral is taken
over the a subspaceonly, its value also dependson the values of the
deterministic subset b, and so derivatives with respect to elements
in the b subset will not necessarily be zero. Finally, the errors in
the estimated derivatives can themselves be estimated, by simply
applying Eq. (10) to the Monte Carlo evaluation of Eq. (16), i.e.,
using the mean and mean-square values of each derivative.

Estimation of System Reliability and Its Derivatives
The SMC may be used to estimate the reliability of any region,

including either those formed by a single constraint, or the system
feasibleregion boundedby all of the constraintsof Eq. (4). Consider
now the evaluationof r (S) along the unit vector»k for the net feasible
space bounded by the set of J constraints,g j (Q). Then the distance
to the system boundary is just the smallest of the r ( j) calculated for
each individual constraint along that unit vector »k ,

r (S)
=

J

min
j = 1

r ( j) (19)

and g (S)(»k ) will likewise be the smallest g ( j) (»k).
In addition, if the critical constraint corresponding to r (S) for

this particular »k is labeled as g(S) , then it is reasonable to assume
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that a differential change in the nominal values Qi will not change
which constraint would be critical for the same »k . For this reason
the differential term @g /@Q i of Eq. (16) for the system reliability
will simply be equal to the corresponding term for the critical con-
straint g(S) .

Specialization of the SMC Method
to the n-Dimensional Gaussian Distribution

Many typical engineeringpropertiesexhibit distributionsthat are
Gaussian [Eq. (B2)] or near Gaussian. An n-dimensional Gaussian
distribution is one in which each of the n independent probabilistic
variableshaveGaussiandistributions,resultingin a joint probability
density functionof the form given in Eq. (B5). Some general results
for n-dimensional Gaussian distributions are given in Appendix B;
the most important of these is that this distribution is spherically
symmetric in thenormalizedprobabilityspace.For theSMC method
thismeans that each g (»k) is a functiononly of r (»k ), thenormalized
distance to the constraintboundaryalong »k . They are not functions
of the speci® c probability density pro® le along »k , because this is
now the same for all »k .

Calculating ´(»k) for Gaussian Distributions
If each of the parameters in a has a Gaussian distribution, with

their nominal values in Q taken as their mean values¹, then if Q is in
the feasible region, the origin of the shooting method will be placed
at a with each axis scaled by its corresponding standard deviation
r i (ai ). Then the joint probability distribution will be spherically
symmetric about a, and

g (»k ) = W n [r (»k)] (20)

where r is now the normalized radius to the constraint boundary
and W n is the spherical cumulative probabilitydistribution function
[Eq. (B9)].

Calculating r(»k) and Its Derivatives in Scaled Space

In terms of the normalized space, Eq. (12) can be rewritten as

r = ¡
g(Q)

» ¢ r Äg
(21)

where r Äg is the normalized gradient of g,

r Äg = r g ­ ¾ ) r Ägi = r gi r i (22)

and the ­ operatorhere denotesa term by term multiplicationof one
vector by another, to form a new scaled vector. For simple scaling
transformations,such as this, it may be more convenientto scale the
shooting vector instead:

Ä» = » ­ ¾ ) Än i = n i r i (23)

and then use

r = ¡
g(Q)

Ä» ¢ r g
(24)

Similarly, Eq. (14) can be transformed into the scaled space by
simply rede® ning its coef® cients as

A = »T [ ÄH ]» = Ä»
T
[H ] Ä» B = » ¢ r Äg = Ä» ¢ r g C = g(Q)

(25)

where r Äg and [ ÄH ] are the normalized gradient and Hessian matrix,
respectively.

Calculating Derivatives of R for a Gaussian Distribution

Consider Eq. (16), repeated here for convenience:

@

@Q i

R =
1

M

M

Sk = 1

@

@Q i

g (»k ) (26)

For theGaussiandistribution,thenominal valuesQ representspecif-
ically the mean values ¹ of the parameters, and it may be necessary

(e.g., for sensitivity-basednumerical optimization methods) to de-
termine the derivativesof R with respect to some Q i = l i in either
the a or b sets. Differentiation of Eq. (20) yields

@

@l i

g (»k ) = [ @

@r
W n (r)] [ @

@l i

r(»k )] (27)

The ® rst term can be foundbydifferentiatingEq. (B8),which simply
yields the value of the integrand at q n = r , as

@

@r
W n(r ) = ( p 2

C (n/ 2) ) (e ¡ 1
2

r2
) ( r 2

2 )
(n ¡ 1)/ 2

(28)

As already discussed, the second term, [@r/@l i ], can be approxi-
mated to ® rst order by considering the constraint linearized at the
point where the shooting vector touches the boundary and directly
differentiatingEq. (21) as

@

@l i

r(») = ¡ [ 1

(» ¢ r Äg) ] [ @g

@l i
+ (r) ( » ¢

@

@l i
r Äg) ] (29)

where, from Eq. (22),

@

@l i
r Äg = ( @

@l i
r g ­ ¾) + ( r g ­

@

@l i

¾)
¼ r g ­

@

@l i

¾ + O(²2) (30)

The ® rst term in the last brackets of Eq. (29) represents the change
in r due to a simple translation of the base point of the shooting
vector, causing its tip to either grow or shrink as required to still just
touch the boundary. The second term represents the second-order
effect of a nonlinear constraint, which has been neglected, and the
effect on r caused by the change in scaling ¾, when ¾ = f (¹). By
our assumption of independence among the parameters, the only
possible nonzero term of @¾/ @l i is @r i / @l i .

Again, because this differential is essentially a local effect at the
end of the shootingvector, Eq. (29) can also be applied to nonlinear
constraints, where the indicated derivatives of g are taken at the
point of intersectionof the shooting vector and the constraint,while
the derivatives (@¾/@l i ) are taken at the mean point ¹ = Q.

Applying the SMC Method
to Non-Gaussian Distributions

Dependingon the speci® c formsof the variousprobabilitydensity
functionsassumed for the elementsof the a set, it may not always be
possible to generate scalings that make the joint probability density
of Eq. (5) spherically symmetric. In these cases g (»k ) will remain a
function of the shooting direction »k , as well as the distance r (»k),
to the constraint boundary. Because the integrand of Eq. (7) is a
simple product of independent terms, it may still be possible to
derive ef® cient analytic forms for this evaluation.

In a worst-case scenario,where complex forms of the probability
density functionpreclude ® ndingan analytical form of g (»k), it may
benecessaryto numericallyintegratefrom theoriginto theboundary
along each »k . This process is aided by the fact that the integral
must always be monotonically increasing from 0 to a maximum
less than or equal to 1, and some form of the dead band effect (to
be discussed) will generally limit the maximum distance that must
be considered. This paper presents a comparison of convergence
rates for SMC vs CMC, and there it is shown that in most cases
the SMC method will require many fewer shooting vectors than an
equivalentCMC analysis. This will usually make the SMC method
more attractive even where numerical integration is required and
even more so when derivatives are also required f note that the term
[@g /@r] of Eq. (17) will automaticallybe calculated as the terminal
value of the integrandg .

As a ® nal comment, note that in most cases it will be preferable
to wrap all of the probability coef® cients that are functions of the
design variables into the de® nition of r , e.g., as scaling factors,
leaving g (r) as a true function of the scaled r only. This is simply
becauseit will generallybe easier to include their effectson Eq. (17)
in the differentiationof r(Q), rather than the differentiationof g (r).
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Dead Band Effect and Modeling Accuracy
Figure 2 plots the total probability contained within an n-

dimensionalhypersphereof normalized radius q n . The hypersphere
is centered at the mean of a normalized Gaussian distribution
[Eq. (B5)], with the corresponding spherical cumulative probabil-
ity function derived in Eq. (B9). As the dimensionality n of the
probability space increases, some distinctive characteristics can be
seen.

1) Each curve is preceded by a region 0 · q n · q min, the inner
dead band, in which the enclosed probability remains essentially
zero. In terms of the CMC method, this representsa region in which
very few test points will fall, despite this region having the highest
probabilitydensity,becauseof the volumetricgrowth characteristics
of hypergeometric spaces. The key point here is that probability
calculations are relatively insensitive to the accuracy of constraint
boundariesthat lie within the deadband, as long as they are correctly
identi® ed as being somewhere within it. This observation becomes
explicit in the SMC method, where from Eq. (20) one can see that
for all r (»k) · q min the probabilitycontributiong (r ) will be close to
zero,as will the derivativecontributionof Eq. (27) (because@W n/ @r
also approaches zero).

2) Similarly, each curve is followed by a region q max · q n · 1 ,
the outerdeadband,which in the CMC methodwill also receivevery
few test points, in this case because the falling probability density
is stronger than the volumetric effect (or, equivalently, because the
enclosed probability is already approaching1.0). Again one can see
thatprobabilitycalculationsare relativelyinsensitiveto theaccuracy
of constraint boundaries that lie within this dead band; for the SMC
they will all have g (r) ¼ 1 and @W n /@r near zero.

3) The region q min · q n · q max is, by extension, the active
band, and it is here that it is most important to accuratelymodel the
constraint boundaries.

The values of q min and q max can be de® ned more explicitly by
selecting some small parameter e ¿ 1, with

q min = W ¡ 1
n ( e ) q max = W ¡ 1

n (1 ¡ e ) (31)

where e represents the total cumulativeprobability that could be in-
cludedwithin the inner or outer deadbandand, hence, the maximum
possible error could be introduced by not locating such constraints
beyond their mere existence somewhere in the band. Table 1 shows
some representativevalues for different values of e and n; the most
interestingthingabout theseresultsis howlittle q min and q max change
as e changes by four orders of magnitude.

Note that this requirementfor accuracythroughoutthe activeband
is in marked contrast to conventional deterministic optimization,
where the only theoretical requirement of an approximate model

Table 1 Values of ½min and ½max for various values of " and n

n = 4 n = 10 n = 20
e , % q min q max q min q max q min q max

1 0.545 3.644 1.599 4.818 2.874 6.129
0.01 0.169 4.849 0.943 5.963 2.096 7.238
0.0001 0.053 5.777 0.581 6.846 1.598 8.088

Fig. 2 Cumulative probability contained within an n-dimensional hy-
persphere of radius ½n .

(or the terminus of a sequence of approximate models) is that it
be exact in its values and derivatives of the binding constraints at
the singular point of the optimum itself (e.g., Ref. 1). Probability
calculations are inherently volumetric in nature, and the critical
modeling region is not at the singular point of the mean values
chosen, but rather everywhere in the hyperspherical active band.
This places much greater demands on any approximatemodel used
for evaluating reliabilities, and these demands increase with both
n, the number of probabilistic parameters used, and the standard
deviations r i of these parameters, both of which increase the length
of q max in nonscaled (model) space. On the other hand, the start of
the outerdeadbanddoesat least limit the rangeoverwhichmodeling
accuracy is important for reliability calculations, and Eq. (30) can
be used to determine the maximum possible error that could be
incurred by simply ignoring altogether any constraints that might
fall outside of this region.

Dead Band Effect for Non-Gaussian Distributions
Although this derivation of the dead band effect is speci® cally

for a Gaussian distribution, the root causes of the inner and outer
dead bands will cause similar effects in any nonsingularprobability
distributions.The inner dead band is basicallydue to the volumetric
nature of hyperspace [Eq. (B7)]; differential volumes fall to zero as
q n ! 0 andevermore sharplyas the dimensionalityn increases,and
so for a ® nite probabilitydensity this contributionto the cumulative
probabilitymust also vanish.Similarly, theouterdeadbandis simply
caused by the requirement that as q n becomes large the contribution
to the cumulative probability for any nonsingular distribution must
again vanish, in order to keep the total cumulative probability less
than or equal to one (this means that the density must not only fall
off, it must fall off faster than the differential volume elements are
increasing).

Implications of the Dead Band Effect for SMC
Despite the demands that thedeadbandeffectplaceson reliability

models in general, it is overall probably of net bene® t to the SMC
method. For the Gaussian distribution in particular, it was shown
that the key problem for each shooting vector is solving for the
distance r to the nearest constraint. If the constraint formulations
are too complex to derive an explicit method of calculatingr , or the
constraintsare computed externally, it may be necessary to evaluate
r by numeric root ® nding along »k . The dead band effect, however,
effectively brackets the region in which roots must be sought: 1)
0 · r · q min, if a root g(r»k) = 0 exists anywhere in the inner dead
band, then let r ! 0, g [r(»k)] = 0, @g /@r = 0; 2) q min · r · q max,
else if a root g(r»k) = 0 exists anywhere in the active band, then
actually seek the position of that root and solve for g [r(»k )] and
@g / @r as discussed; and 3) q max · r , else the root, if any, is in the
outer dead band, let r ! 1 , g [r(»k )] = 1, @g /@r = 0.

Comparison of Convergence Rates for SMC vs CMC
As discussedin AppendixA, the accuracyof a reliabilityestimate

for RS > 0.5 can best be expressed in terms of its expected error
E (R) relative to the probability of failure, F = 1 ¡ R:

e (F) = E ( R)/F = E ( R)/(1 ¡ R) (32)

Comparing Eq. (10) for SMC and Eq. (A11) for CMC, it is clear
that E (R) in both cases is inversely proportional to p M , where M
is equal to the number SMC shooting vectors or CMC design point
analyses required. Inverting this relationship, one can de® ne the
parameter K as

M =
1

[e (F )]
2

K (33)

where K is now a measure of the expense of using one method vs
the other. For CMC K is a function of R only, without regard to
the dimensionality or shape of the joint probability density or the
feasible region. From Eq. (A15),

KCMC = R/ (1 ¡ R) (34)
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Fig. 3 KSMC values based on SMC evaluations of RS for sample prob-
lem 1.

Fig. 4 KSMC values based on SMC evaluations of RS for sample prob-
lem 2.

From Eq. (10), the value of K for SMC will be equal to

KSMC =
Ãg 2 ¡ ( Ãg )2

(1 ¡ R)2
(35)

which depends not only on R but also on the distribution of the g k

generated, which will be problem dependent. The g k , however, are
bounded such that as R approaches 1 so will the g k , making KSMC

indeterminant as R ! 1, rather than strictly in® nite as is the case
for KCMC.

The actual KSMC values found for two sample problemspaces are
shown in Figs. 3 and 4, along with their equivalent KCMC curves
from Eq. (34). These sample problems are discussed in detail in
Refs. 2 and 3, where they appear as problems 2 and 4. In sum-
mary, problem 1 is an actively controlled cantilever beam with four
probabilisticparameters (n = 4) and ® ve steady-statedynamic con-
straints. For these runs, e (F) ¼ 1%, M(min, mean, max) = (1.0e4,
2.5e5, 1.3e6). Problem 2 is the standard10 bar truss problem, in this
case underharmonic load.This problemhas 10 probabilisticparam-
eters (n = 10) and 18 steady-state dynamic constraints. For these
runs, e (F ) ¼ 0.5%, M(min, mean, max) = (1.2e5, 3.9e5, 8.5e5).

An example of the ability of SMC to estimate derivatives of the
reliabilities is presented in Refs. 2 and 3.

Conclusions
The SMC methodpresentedhere offers two importantadvantages

over the CMC method: it estimates the reliabilitiesmore ef® ciently,
and it can provide high-quality estimates of the derivatives of RS

concurrently with the estimation of RS itself. SMC offers signi® -
cantly greater ef® ciency in estimating the system reliability, partic-
ularly for systems of high reliability where RS ! 1. As demon-
strated in Figs. 3 and 4, the number of SMC vectors required may
be as much as several orders of magnitudefewer than the equivalent
number of CMC design evaluations.This gain in ef® ciency is offset
somewhat by the necessity of ® nding the distance along each SMC
shooting vector to the nearest constraint boundary, which, for the
general case, will be done numerically. This, however, is merely a
standardone-dimensionalroot ® ndingproblem,with the roots of in-
terest well bounded by the dead band effect. Thus if the constraints
are reasonably smooth, each SMC vector will require one design
evaluation (at q min ) if the boundary is in the inner dead band, an
additional evaluation (at q max) if the boundary is in the outer dead

band, and, typically, an additional3±5+ evaluationsif the boundary
is in the active band.

Based on results to date, this indicates that SMC will be more
ef® cient than CMC, even in terms of total number of design eval-
uations, once the failure probability drops below about 1% (note
that when the boundary distances can be found explicitly SMC will
always be more ef® cient than CMC).

In addition, the ability of SMC to estimate derivativesof the reli-
abilities is crucial to allowing its use in gradient-basedoptimization
schemes. Examples of this are presented in Refs. 2 and 3.

Appendix A: Summary of the CMC Approach
The CMC approach to evaluating the integral of a general func-

tion proceedsby evaluatingthe functionat each of a set of randomly
selected test points uniformlydistributedover the region of the inte-
gral, or some convenientenveloping region.4 This form is generally
not useful for the integration of probability density functions be-
cause their domain is typically in® nite; thus, an alternate method is
used, which generates test points with a distributionequal to the ac-
tual probability density of the probability function to be integrated
and then simply counts the number of test points that fall within the
region of the integral. This method may be called a direct Monte
Carlo simulation,as opposedto theusualmeaningof the term Monte
Carlo integration.

Monte Carlo Integration

Consider thecomputationof the integralof the function f (x) over
some region X :

F = *
X

f (x) dX (A1)

This integral may be approximated by evaluating f (xi ) at a set of
M points xi distributed uniformly over the region X , and using the
Monte Carlo equations

Ãf ´
1

M

M

Si = 1

f (xi ) Ãf 2 ´
1

M

M

Si = 1

[ f (xi )]
2 (A2)

F ¼ V Ãf § E (F ) E (F ) = V ! Ãf 2 ¡ ( Ãf )2

M
(A3)

where V is the generalized volume of the region X , i.e.,

V = *
X

dX

The one standard deviation error estimate E (F) is based on the as-
sumption that Ãf has a Gaussian distributionbut seems to work well
as a rough measure of error for most practical problems.

It is instructive to rearrange the terms of Eqs. (A2) and (A3) as

F = *
X

f (x) dX ¼
M

S i = 1

f (xi ) [ V

M ] =
M

S i = 1

[ f (xi )V ]
1

M
(A4)

The ® rst of these forms makes explicit the relationship between
dX and V / M ; as M ! 1 , V / M ! dX . The second form is of
computational interest, as the term [ f (xi )V ] is simply equal to the
value the integral F would have if f (x) were equal to a constant
f (xi ) everywhere in X . If, as frequently happens, the region X is
not convenient to work with (i.e., it is dif® cult to ® nd its volume
and/or generate points uniformly over the region) one can simply
use a new region X 0 , which completely encompasses the original
region, and a new function f 0 (x), such that

f 0 (x) ´ { f (x) if x 2 X

0 if x 62 X
(A5)

Monte Carlo Simulation
Monte Carlo simulation is used to directly estimate reliabilities

by generating a set of M test points (instances) xi with a distribu-
tion equal to that of the general population of x. Using the direct
simulationmethod, if the reliability of a system (i.e., the probability
that any given test point falls within the region of the integral) is
R, then the number of test points that fall within that region will
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be R times M . This can be thought of as taking the integral of the
joint probability density function and transforming it into the do-
main of the probability density function itself and then using an
encompassing integrand volume X 0 , which covers all space, so that
V = * u n = 1. To make this correlation between Monte Carlo in-
tegration and simulation a bit more explicit, consider the following
integral of a one-dimensionalprobability density function:

R = *
X

u (x) dx = * + 1
¡ 1

f (x) dx f (x) ´ { u (x) if x 2 X

0 if x 62 X

(A6)

Apply the substitution

ds ´ u (x) dx ) s = U (x) x = U ¡ 1(s) (A7)

Then

R = *
X

ds = * 1

0

f 0 (s) ds f 0 (s) ´ {1 if x = U ¡ 1(s) 2 X

0 if x = U ¡ 1(s) 62 X

(A8)

Note, in particular, that the transformation x = U ¡ 1(s) converts
a uniform distribution in s, 0 · s · 1, to the original distribution
u (x) in x , ¡ 1 · x · 1 ; this means that a Monte Carlo integration
in s will generate a set of test points that simulate drawing a random
set of M instances from the original population of x .

Because each of the n probabilistic parameters is considered to
be independent, this result can be immediately extended to the n-
dimensional case, with each xi generated independently according
to its own distribution as xi = U ¡ 1

i (si ). The transformed integrand
becomes

f 0 (x) ´ {1 if x 2 X

0 if x 62 X
(A9)

and the equivalent Monte Carlo equations become

Ãf = (1/ M)(RM )(1) = R Ãf 2
= (1/ M )(RM)(12) = R

(A10)

R ¼ R § E (R) E (R)
= ! R ¡ (R)2

M
(A11)

or

E (R)
= (1/ p M) Ï R(1 ¡ R) (A12)

with the fractional error bound given by

e (R) = E (R)/R = (1/ p M ) Ï (1 ¡ R)/ R (A13)

At ® rst glance this looks pretty good, becausedesigns are generally
intended to operate in a region of high reliability,and as R ! 1 we
see that E ( R) and e (R) ! 0. Unfortunately, we must ® rst address
the question of what constitutes an acceptably small error bound. If
the value of R is 0.5, then an E (R) of 0.005 ( e (R) = 1%) is probably
quite reasonable; but, paradoxically, if R is 0.999 an E (R) of 0.005
( e (R) ¼ 1

2
%) is probably not acceptable, even though it represents a

smaller fractional error. This is because for high values of R what
is actually important is the accuracy with which the probability of
failure, F = 1 ¡ R, has been evaluated.Substitution into Eq. (A12)
yields

e (F ) = E (R)/F = (1/ p M ) Ï R/ (1 ¡ R) (A14)

which goes to in® nity as R ! 1. An equivalentway of stating this is
that the number of Monte Carlo evaluations M required to maintain
a constant error will increase to in® nity as R ! 1,

M =
1

[e (F)]
2

R

1 ¡ R
(A15)

Appendix B: Integrals of the Gaussian (Normal)
Distribution Function

The ® rst and second statistical moments (mean and variance) of
a population can be estimated from a set of N discrete instances
of that population,or from a known continuousprobability density
U (x), as

Discrete Continuous

l = Ãx =
1

N

N

S i = 1

xi = * 1
¡ 1

u (x)x dx

(B1)

r 2 = Ãx2 =
1

N ¡ 1

N

Si = 1

(xi ¡ l )2 = * 1
¡ 1

u (x)(x ¡ l )2 dx

It is very common to ® nd that the statistical distribution of a pa-
rameter will follow, at least approximately,a Gaussian distribution,
which is also commonly known as the normal distribution. This
distribution can be de® ned completely in terms of its mean value
l , which is equal to its ® rst moment, and its standard deviation r ,
which is equal to the square root of its second moment (variance).
The generalGaussiandistributionfunction u (v) for a singlevariable
v with a mean value of l and a standard deviation of r is given by

u (v) = u ( l , r 2) = [1/ ( r p 2p )]exp[¡ 1
2
(v ¡ l )2/ r 2] (B2)

Note that u (v) and u ( l , r 2) are not two differentdistribution func-
tions, but merely two ways of expressingthe same function, i.e., the
distribution of v is de® ned in terms of its mean l and variance r 2.
The probability that the actual value of (some speci® c instance of)
v is less than or equal to a given value z is then

P(v · z) = U (z) = * z

¡ 1
u (v) dv (B3)

By translating the origin of v to its mean value and scaling by its
standard deviation, this can be transformed into the normal form:

d v ´
v ¡ l

r
dd v =

dv

r

U ( d z ´
z ¡ l

r ) = *
d z

¡ 1
1

p 2p
exp[ ¡ 1

2
d v2]dd v

(B4)

Note that by de® nition normalized parameters have their mean at
d v = 0 and standard deviation r = 1.

Consider now a space of n independentparameters ai in normal-
ized space, and let d ai represent the (normalized) variance of some
actual instance of ai from the mean of its population.Because they
are independent,the joint probabilitydensity function u n (±a) is just
the product of their individual probability density functions:

u n(±a) =
n

Pi = 1

1

p 2 p
exp( ¡

1

2
d a2

i )
= ( 1

p 2p )
n

exp( ¡
1

2

n

Si = 1

d a2
i )

= ( 1

p 2p )
n

exp( ¡
1

2
q 2

n) (B5)

and so the total probability that the actual value of ±a will lie within
some region X is just

U n(±a 2 X ) = *
X
( 1

p 2 p )
n

exp( ¡
1

2
q 2

n) dX (B6)

Note that the resultant probability density function is a function of
q n only, the normalizeddistancefrom the origin (mean) to the actual
value of a, and so is spherically symmetric in normalized space.

For the probability in a hypersphere, consider the case of a nor-
malized n-dimensional probability space, which contains a hyper-
sphere centered at the origin, with a radius of q n . The generalized
differential volume (i.e., generalizedsurface area) of a hypersphere
is shown in Ref. 2 to be

Snr n ¡ 1 = 2
p

1
2 n

C (n/ 2)
r n ¡ 1 (B7)
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where C ( ) is the standard gamma function. Thus, the probability
that the normalized radius r from the origin (mean) to the actual
value of a is less than or equal to q n is

U n( q n) = * q n

0

2p
1
2 n

C (n/ 2)
r n ¡ 1 ( 1

p 2 p ) e ¡ 1
2

r 2

dr

= *
q n

0
( p 2

C (n/2) ) ( e ¡ 1
2 r2 ) ( r 2

2 )
(n ¡ 1)/ 2

dr (B8)

This hypersphericalcumulativenormal distributionfunctionis plot-
ted in Fig. 2. Because it is of particularinterest for the SMC method,
it will be denoted in this text as W n( q n). Using the substitution
u = 1

2
r 2, du = r dr , this function can be rewritten in a more stan-

dard form as

W n ( q n ) =
1

C (n/ 2) *
1
2

q 2
n

0

e ¡ uu
1
2

n ¡ 1 du

= }[ 1

2
n,

1

2
q 2

n] = v 2(n, q 2
n
) (B9)

where } is the incompletegamma functionand v 2 is the chi-squared
cumulative distribution function.
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